The modal characterization of various families of beams is a topic of current interest. We recently reported a new method for the simultaneous determination of both the azimuthal and radial mode indices for light fields possessing orbital angular momentum. The method is based upon probing the far-field diffraction pattern from a random aperture and using the recorded data as a 'training set'. We then transform the observed data into uncorrelated variables using the principal component analysis (PCA) algorithm. Here, we show the generic nature of this approach for the simultaneous determination of the modal parameters of Hermite-Gaussian and Bessel beams. This reinforces the widespread applicability of this method for applications including information processing, spectroscopy and manipulation. Additionally, preliminary results demonstrate reliable decomposition of superpositions of Laguerre-Gaussians, yielding the intensities and relative phases of each constituent mode. Thus, this approach represents a powerful method for characterizing the optical multi-dimensional Hilbert space.
T he characterization of the modal decomposition of light remains a key requirement in numerous fields in optics. This includes classical and quantum information processing 1 , laser resonator dynamics 2 , fiber optics delivery of light [3] [4] [5] and the orbital angular momentum of light 6, 7 . A number of schemes for characterizing such fields have emerged that rely upon exploration of the far-field diffraction pattern of the field but pure inspection of the form of the pattern is insufficient to delineate the desired modal parameters in a robust manner. Identification of (for example) Laguerre-Gaussian (LG) beams has been recently shown using diffractive structures such as arrays of pinholes 8 and a triangular aperture 9, 10 . Furthermore, researchers have also used slits 11, 12 , and holograms 13, 14 . However, all these experimentally realized approaches can be used to measure only one single degree of freedom (the azimuthal index) of the LG beams, neglecting the radial component and indeed have never been applied to other families of light beams. Furthermore, open questions include the optimal aperture to use and how robust the determination of mode indices is in the presence of any misalignment. Recently, we developed a method using multivariate analysis to obtain both the radial and azimuthal mode indices simultaneously for light fields possessing orbital angular momentum 15 . Our studies are reinforced by theoretical work on the angular and radial mode analysis of optical beams 16 that deals with decomposition of beam into LG components using a Mach Zehnder scheme. However this method does not measure the relative phase between the modes and it needs multiple exposures.
Our PCA approach is based on 'training' our optical system with the measured far-field diffraction patterns from known pure incident light fields upon a random diffuser and transforming the observed patterns into uncorrelated variables using the principal component analysis (PCA) algorithm.
It is important to establish the validity of our method for the other families of light fields to demonstrate its full applicability. In this regard Hermite-Gaussian (HG) modes are of major interest in laser resonator output analysis 17 and spectroscopy 18 . Pure HG modes are characterized by nodes in orthogonal directions in a Cartesian co-ordinate space as is well documented 19 . Bessel light modes offer new directions in manipulation 20 , nanosurgery 21 , microscopy 22 and are delineated again by an azimuthal index m and a radial k-vector. Both of these fields are also of interest for information processing 23 .
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In this paper, we demonstrate the application of our multivariate analysis approach for modal characterization of both HermiteGaussian and Bessel beams. We report the variations between the different far-field diffraction patterns of both HG and Bessel beams from a random aperture (glass diffuser), upon which we perform PCA. The different far-field diffraction patterns contain information for the different mode indices for the considered laser beam modes. Using PCA the optical system is 'trained' and it is subsequently possible to simultaneously determine the modal characteristics of 'unknown' Hermite-Gaussian or Bessel beams incident upon our random aperture. Additionally, we investigate the role of rotational misalignments upon our method. This further degree of freedom is particularly important when considering Hermite-Gaussian beams, which compared to LG or Bessel beams do not possess a cylindrical symmetry.
In the last part of the paper, we consider the applicability of the PCA method to characterize the complex superposition of LG beams i.e. the detected beams are not pure modes but the result of a general linear superposition of these modes. Here, we generalize the method presented previously 15 by using an optical eigenmode 31, 32 decomposition together with a Gerchberg-Saxton (GS) algorithm 33 . We show that our thus extended method is able to measure the complex amplitudes of the different LG components in a limited superposition of LG beams, key for practical applications.
Results
Modal characterization of Hermite-Gaussian beams. To illustrate our generic approach we first begin with a discussion of propagating Hermite-Gaussian (HG) beams. For each different HG beam mode we considered, we recorded its pattern for 1000 beam samples. The 'training step' is firstly applied, in which the response of the optical diffracting system is measured for every HG beam mode, each with different m and n values. The beam mode indices m and n could vary from 0 to 6, with step equal to 1, yielding seven different values for each. In this manner, a database of all the possible forty-nine HG beams is created. Then the PCA algorithm is used, in order to create the covariance matrix of all the recorded patterns, by subtraction of the common mean intensity of these recorded intensity patterns. The data set is rotated, according to the PCA algorithm, around its centre in order to find the orientation that delivers the largest variation along an axis. This axis corresponds to the first principal component (PC1). In a second step, the PCA algorithm further rotates the data set, leaving PC1 invariant, in order to find a second axis, perpendicular to PC1, showing the second largest variation. This corresponds to the second principal component (PC2). This process can be repeated until all major variance of the dataset are taken into account. The first nine principal components (PCs) of the measure are shown in Figure 1b . The intensity patterns of the 'unknown' beam modes can be represented in the same way, using the method of the nearest neighbor measurement in order to classify them 24 . The experimentally observed transverse intensity profiles of the slightly rotated lowest-order HG beams are presented in Figure 1a . The effect of the rotation of the HG beams is studied in a later section. As seen by 'training' our optical system by using the first nine PCs, 100% classification efficiency for the detection of the 'unknown' propagating HG beams can be achieved. By the same token, all the 'unknown' HG beam modes have been correctly identified as the expected HG beam modes.
We then considered the diffraction of Hermite-Gaussian beams from a glass diffuser. This is an aperture that can break the symmetry of a given HG beam mode and, as might be expected speckle patterns result ( Figure 2a) . Here, the resulting speckle patterns from the diffraction of Hermite-Gaussian beams from a glass diffuser can be used to probe the modal characteristics of the HG beams ( Figure 2b ). In Figure 3 we see the range of speckle patterns that result from the random perturbation of the glass diffuser and their subsequent analysis. Furthermore, it is to be noted that the use of a random aperture presents an experimental benefit as all diffraction patterns have similar peak intensities enabling acquisition with similar exposure durations. Remarkably, using this 'random' aperture we achieve 100% classification efficiency, by 'training' our optical system using the first nine PCs, as indeed for the propagating beams ( Figure 3d ).
The fundamental question of beam misalignment in the optical system and the impact upon the detection efficiency is also very interesting. We therefore investigated the influence of the beam rotation around its central optical axis, on the classification ability of our method. This can be done by controllably rotating the SLM mask used to generate the considered beams. Here, we studied the effect of rotation angles from 27p/32 to 7p/32. The PCA 'training step' was done using 15 rotated beams in the studied range. By using the first nine PCs, we observed 99% classification efficiency for correctly identifying the 'unknown' HG beam mode even in presence of rotation ( Figure 4 ). This may prove very useful for applications such as beam converters and laser resonators, where the beam alignment is crucial [25] [26] [27] [28] . As previously discussed 15 , this detection method can accommodate a certain degree of misalignment or variations in the optical system. Since the correct detection can still be achieved, provided that either a larger 'training set' is considered and/or a larger dimensionality of the data is allowed by taking more PCs into account. Our PCA detection method is limited by the number of detectable degrees of freedom of the far-field diffraction patterns 29 . Indeed, low resolution cameras would greatly decrease the distinguishability between the different beams and decrease the number of modes that can be detected in a complex superposition. We also note that very specific misalignments, such as a rotation by p/2 for example, would make some HG modes indistinguishable. We can deduce from this statement that the PCA method is also limited by specific beam dependence misalignments. The precise limitation can be assessed by considering the optical degrees of freedom (see section on modal characterization of Laguerre-Gaussian beam superposition).
Modal characterization of diffracted Bessel beams. We now apply our PCA detection method to Bessel beams. Forty-nine different Bessel beam modes were considered. We explored beams where the azimuthal index m, varied from 23 to 3 with integer step sizes, and for seven different values of the radial index k r . This maintains the same dimensionality used before for the Hermite-Gaussian beams analysis. The far-field diffraction patterns of the diffracted Bessel beams from a random (glass diffuser) aperture were considered. First the 'training step' is applied in which the response of the optical diffracting system is measured for every single Bessel beam considered. Then the second step followed, where we used the classification algorithm which corresponds to the actual identification or measurement of an 'unknown' Bessel beam, delivering simultaneously the mode indices which characterize this beam. As depicted in Figure 5 , the classification results again displaying 100% efficiency i.e. all the 'unknown' Bessel beams have been correctly identified.
Modal characterization of Laguerre-Gaussian beam superposition. In quantum optics, entanglement requires an analysis of superpositions of states. Such superpositions may also occur in the classical domain, for example when considering light fields with fractional azimuthal index 30 . It is therefore interesting to extend our approach to the more general case of a superposition of multiple LaguerreGaussian (LG) beams having different relative amplitudes and phases 31 . To that end, we trained the PCA eigenface algorithm on a set of 900 random complex superpositions (keeping the total intensity constant) of four LG beams (l 5 [0, 1] and p 5 [0 , 1]). A startling observation is that 97% of the whole training-set's variability can be accounted for only the first nine principal components ( Figure 6 ). Indeed, the superposition is described by four complex numbers leading to four real amplitudes and three relative phases. The nonlinear relationship between these degrees of freedom and the far-field Figure 6c) . Further, the projection onto these first principal components forms a dense cloud showing a non-normal distribution due to the constant intensity constraint (Figure 6b ). Finally, we can identify the amplitude distribution of an unknown beam by using nearest neighbor classification. Experimentally, the best results were achieved when averaging over the six closest neighbors (see error histogram Figure 6d ). The relative phase between the constituent beams can be retrieved by using an optical eigenmode 32, 33 decomposition together with a Gerchberg-Saxton (GS) algorithm 34 (for more details see Supplementary information S3 and S5). The knowledge of these amplitudes and phases of the individual components makes their representation on a higher-order Poincaré sphere possible 35 .
Discussion
This paper presents a powerful method by which the mode indices of both Hermite-Gaussian and Bessel beams can be determined. In addition to standard methods used to characterize higher-order beam modes, we have shown how the PCA algorithm can be used to characterize diffracted light modes. Our detection method is very simple to implement and uses a straightforward optical system (e.g. ground glass). It is based on the measurement of correlations between the probed far-field diffraction patterns and the 'training set' of preliminary recorded far-field diffraction patterns of the considered Hermite-Gaussian and Bessel beams. The Principal Component Analysis (PCA) algorithm calculates a projection of the 'unknown' beam onto the term of the mode composition. The experimental data show that the methodology preserves a high detectability in case of strong beam distortions (e.g. those caused by a random aperture), provided that the 'training set' members undergo the same distortions. Thus, it is tolerant to misalignment, beam fluctuations, rotation, focusing and defocusing provided it has been 'trained' for these fluctuations. Furthermore, the used mask does not need any clever design or complicated mathematical framework. The shape of the diffracting mask used to measure the mode indices is in fact of little importance. The crucial step is 'training' any diffracting optical system and the ability to access a sufficiently large and relevant number of optical degrees of freedom 29 . This allows the transformation of the observed far-field diffraction pattern into uncorrelated variables (principal components) that can be mapped onto transversal mode profile index.
Our PCA detection method can be generalized to other orthogonal mode families, which will be useful for many applications relating the optical technologies, such as the modal decomposition for optical fibers, laser resonators and information processing. Our method is generic and may be extended to superpositions of different families of light fields. Here, the amplitudes of the different LG components in a limited superposition of LG beams were measured. In future work, we will test the applicability of the method to superposition of larger number of modes and study its limitations for general beam characterization.
Methods
The Hermite-Gaussian (HG) modes are described in part by the product of twoindependent Hermite polynomials, for the field distribution in the x and y directions, respectively 19 . The values of m and n correspond to the number of nodes in the electromagnetic field. For example, the HG 3,1 mode has three field nodes in the x and one in the y direction. The electric field, E(x, y, z), transverse to the direction of propagation for the HG modes is given by:
where the E 0 is the field amplitude, R(z) is the radius of curvature, k is the wavenumber of the electromagnetic wave, while x, y, z are the transverse positions within the beam and w(z) is the beam radius at which the Gaussian term falls to 1/e of its axis value. In the above expression the Hermite-Gaussian beam functions alternate between even and odd symmetry with altering the m value. The m th -order function has m nulls and m11 peaks. Most lasers preferentially oscillate in modes of rectangular rather than cylindrical symmetry, thus HG modes are very commonly used.
The electric field, E(r, Q, z), of the Bessel beam is given by:
where the E 0 is the field amplitude, k r and k z are the radial and longitudinal components of the free-space wavevector, such that k~ffi ffiffiffiffiffiffiffiffiffiffiffiffi ffi k 2 r zk 2 z q~2 p=l, J m is the Bessel function of the m th -order and r, Q and z are the radial, azimuthal and longitudinal cylindrical coordinates respectively. The zero order Bessel beam has a transverse intensity profile with a central maximum spot surrounded by concentric rings. Whereas for all the higher-order Bessel beams, integer m ? 0, the phase singularity of charge m on the beam axis results in a transverse intensity profile of concentric rings but with a phase singularity on the beam axis. This results in a 'non-diffracting' dark, rather than bright, core whose radius increases with the azimuthal index m. Due to their intensity profile and their reconstructed properties, these beams can find many applications in various fields 36, 37 . Nowadays both light fields, considered here, can be holographically generated using a computer controlled device, such as a spatial light modulator (SLM) 38 . The holograms were calculated according to the Equations (1) and (2) respectively; additionally the required phase distribution was imprinted onto the incident Gaussian beam which was illuminating the SLM. The optical Fourier transform of a HG function is always another HG function of the same order. In this study, the fortynine lowest-order HG modes were created and analyzed.
For the Bessel beams study also far-field diffraction patterns of forty-nine different Bessel beam modes from a random aperture were respectively determined. Since, one way of interpreting the Bessel beam is to consider a set of plane waves propagating on a cone. This decomposition of the Bessel beam into plane waves manifests itself in the angular spectrum of the beam, which is an annulus in k-space. Here, annuli were displayed on the SLM which when Fourier transformed created the different Bessel beams considered. A wavefront correction to all beams was applied using the optical eigenmode (OEi) decomposition technique 32, 33 . The experimental set-up used is shown in Figure 7 and is similar to that used previously 15 . A laser beam (He-Ne, l 5 633 nm, P max 5 5 mW) with an output Gaussian profile of beam waist w 5 5 mm, was expanded using a dual lens telescope (L 1 and L 2 ). A half-wavelength (l/2) plate was used in order to rotate the polarization of the incoming beam to the optimum angle for the SLM (Holoeye, LC-R 2500) and maximize the power diffracted into the first order. The polarization state was verified by the use of a polarized beam-splitter after the half-wavelength (l/2) plate. The holograms used to generate the Hermite-Gaussian and Bessel beams were displayed on the SLM. A lens (L 3 ) and a pinhole were introduced to the beam path to allow for spatial filtration to block all the unwanted diffraction orders. Then, a lens (L 4 ) was used to image the different laser beam modes on the random aperture, which in our case was a glass diffuser (Edmund Optics, 0,5u diffusing angle). We ensured that the angle of incidence of the incoming beam was as small as possible (preferably , 10u) in order to get the maximum diffraction efficiency. Finally, lens L 5 served to create the far-field diffraction patterns in its back focal plane where a CCD camera (pike, Allied Vision Technologies) was used, in order to record and save the patterns onto the hard-drive of a computer.
Detection through 'eigenface' classification. Principal component analysis (PCA) algorithm refers to an algorithm that uses an orthogonal transformation in order to convert a set of observed data of possibly correlated variables into a set of linearly independent and uncorrelated variables called principal components (PCs) or 'eigenfaces' 39 . The main goal of the PCA algorithm is to reduce the dimensionality of the data set. The number of the PCs is less than or equal to the number of the original observed data. This orthogonal transformation is defined in such a way that the first principal component (PC1) has the largest possible variance within the set of measures and each subsequent component reflects the next highest variance possible under the constraint that it be orthogonal to the components considered. The resultant PCs or 'eigenfaces' are ordered such that few of them can be used in order to account for most of the variation in all the original data set. Thus, a simpler basis can be provided for the further multivariate analysis of the data 40 . Whilst PCA has been established for over one hundred years (a technique dated back to 1901) 39 and widely applied in various areas, e.g. face recognition 41 and cancer detection 42 , this method has been recently considered or used in the case of diffraction theory and the analysis of the transverse state of a light field 15 . The first step of applying the PCA algorithm to our study corresponds to creating a database of all possible Hermite-Gaussian or Bessel beams that we wish to detect. After subtraction of the common mean intensity, the covariance matrix of the recorded intensity patterns is calculated. Then, the resultant eigenvector with the largest eigenvalue is termed the first 'eigenface' which corresponds to the largest variability of the Hermite-Gaussian or Bessel beam modes 'training set'. In the same way, the second 'eigenface' corresponds to the second largest variability of the covariance matrix and so on. Projecting the measured beams onto these 'eigenfaces', we determine the first and subsequent principal components (PCs) representation of the measure. The Hermite-Gaussian or Bessel beams with the same (mode indices) variables form very tight clusters (Figure 8 ), due to the readout noise and small vibrations of the optical system. Finally, a classification algorithm of the nearest neighbor is applied in order to classify the 'unknown' data 24 . However, other methods such as the Mahalanobis distance can be also applied 43 . Figure 8 , shows the 3D chart of the confusion matrix, displaying the efficiency of this method i.e. whether all the 'unknown' beam modes have been correctly identified as the expected beam modes. The ideal confusion matrix is the identity matrix.
